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Cwiczenie nr 1: Stan przemieszczen, odksztalcen i naprezen w punkcie.

A. POLE DEFORMAUIJI:
Réwnania pola deformacii:
x1 = 1X1 + OXZ + 3X3
X, = —2X; + 4X, + 5X; [x10™ m]

X3 = 3X1 + 4X2 + 2X3

1. Funkcja skladowych tensora odksztalcen skonczonych Lagrange‘a:

L. = 1(63(,: Sxi s )
=o\6x, 6x, ™

[L] = % ([G] - [1]) zapis tensorowy funkciji

1.1. Tensor deformacji Greena:

G — 5xi 6.7(,:
765X, 6X,

(6] =[x, ]-]T[xi,j] postaé macierzowa tensora

[xi,]-] —macierz materialnych gradientéw deformacji

[xi,]-] =

X21 X22 X23
X31 X32 X33

X11 X122 x1,3]

S
X114 = 6—;: =
6xq
xl'z = 8_)(2 = 0
6x,
x1'3 = W = 3
3
6x
xz'l = # = _2
1
6x,
xz'z = 8_)(2 =4
ox
x2'3 = # = 5
3
6x
X3_1 = ﬁ = 3
1
6x3
x3'2 = 8_)(2 = 4
6x3
X3_3 = W =2
3
1 0 3
[xi']'] =|-2 4 5
3 4 2
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[ [xl.] xl]
1
[G][245][245][ 3228]
1 28 38

1.2. Tensor odksztalcen skoriczonych Lagrange‘a:

L 4 1 0 0 6,5 2 =05
[L] = 7" ([ 4 32 28] [0 1 OD = [ 2 15,5 14 l
1 28 38 0 0 1 -05 14 185

1.3. Tensor odksztatcen skonczonych Lagrange‘a w zapisie wskaznikowym:

1
Ly, = E (xi,l *Xi1 — 511)

L11=%-(1-1+(—2)-(—2)+3-3—1)=6,5

1
Ly, = 2 : (xi,z *Xi2 — 522)

1
Lz =5 (0-0+4-4+4:4-1)=155

1
L33=§'(xi,3'xi,3_533)
1
L33=E-(3-3+5-5+2-2—1)=18,5
1
L12=E'(xi,1 Xi2 — 512)
1
1
L13=E'(xi,1'xl3 513)
1
L13=E-(1 3+4(-2):54+43:2-0)=-0,5
1
L23=E'(xi,2'xl3 523)
1
L23=E'(0'3+4'5+4'2_0)=14
6,5 2 -0,5
[L]=[ 2 15,5 14]
-0,5 14 18,55

2. Funkcje skladowych tensora odksztalcen skonczonych Eulera (Almansiego):
x1 = 1X1 + 0X2 + 3X3
X, = —2X; + 4X, + 5X; [x10™ m]
X3 = 3X1 + 4‘X2 + 2X3

x1=1X1+3X3 =>X1:x1_3X3

11 1 1
xz=—2(x1—3X3)+4X2+5X3=>X2=—TX3+Ex1+Zx2
3( 3X)+4( LEP LS )+2X Xy =y !
X3 = olx; 3 23 2x1 4x2 3 3= 18 18x2 18x3
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P 3(5 1 1 )_ 1 1 +1

1=X 18 18 T18M) T T T e e T

v 11( 1 )+1 Ll 19 7 ou

257 2T g¥s) T T T T Ty e Ty X
101 1

X1:_€x1_6x2+6x3

Y19 7 .u

2—_5951 ﬁxz ﬁxs

L 1

3T 181 T 12 T 1™

1 5X; O6X;
Ey = ;-dk, - M‘ x‘ tensor odksztatcen skonczonych Eulera

[E] = % ([11 = [C]) zapis tensorowy

2.1. Tensor deformacji Cauchy‘ego:

6X; 6X;

kL= 6xy, 8xl

[€] =[] [X:;] posta¢ macierzowa tensora

X11 X12 Xi3
[Xi,j] = (X1 Xz22 Xa3
X31 X3, X33

X1 = % = _%

6X; 1
Xi2 = 6_952 = %

86X,
Xi13 = 5_x3 = 3

6X, 19
X1 = 5_xl = 72

6X, 7
Xo2 = 6_362 = 72

6X, 11
Xo3 = 6_x3 = 72

68X 5
X3q = 5_xl = 18

68X 1
X3 = 6_362 = 18

68X 1
X33 = 55, = 18
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[ 1 19 5 ]
| 6 72 18 |
1 7 1
X.. = —_—— — —
%] =| 6 72 18 |
1 11 1|
| 6 72 18J
1 19 5 ]T 1 19 5 171 1 23 7
6 72 18 6 72 18 12 432 108
(] = 1 7 1|1 7 1| | 23 59 11
"6 72 18| |76 72 18| | 232 576  144|
[ 1 11 1l |1 11 1l | 7 11 1 |
l6 72 18J l6 72 18J | 10 144 12 |
2.2. Tensor odksztatcen skonczonych Eulera:
1 23 7 11 23 7
10 0 12 432 108] 24 864 216]
[E]_l 0 1 ol 23 59 1| | 23 517 11
21l o 1 432 576 144 864 1152 288
7 11 1 7 11 11
108 144 12 216 288 24
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B. POLE PRZEMIESZCZEN:

Pole przemieszczen we wspétrzednych materialnych:

uz = 0X12 + 2X22 - 4‘X32 - 3X1X2 - X2X3 + 5X3X1 + 7X1 + 6X2 + 2X3 + 0 [X10_4 m]
u3 = 2X12 - X22 + 3X32 + 4‘X1X2 - 3X2X3 + 2X3X1 + 0X1 + 3X2 + 1X3 - 5

1. Funkcje elementdéw tensora matych odksztatcen:

.x,:=Xl

_ 5ui
T 68X

_ 1 5ui N 5u]
=72 \ox, " ox,

511 = ul'l = z_;i = 4‘X1 + 3X2 + 5X3 - 2 [X10-4 m]

Eii

522 = uz'z = i%z = _3X1 + 4‘X2 - X3 + 6 [X10-4 m]
533 = u3'3 = i%z = 2X1 - 3X2 + 6X3 + 1 [X10_4 m]
1 1,6 S5 1
812 = E(ul'z + uz'l) = 5(5_1;: + 5_?:) = ;((16){2 + 3X1 + 4’X3 - 4’) + (_3X2 + 5X3 + 7)) = 1,5X1 +
6,5X, + 4,5X; + 1,5 [x10™ m]

1 1
g3 =-(u Ug,) == —
1375 ( 13+ 3'1) 2 (6X3 + 5%,

4X, + 3,5 [x10™ m]

1 1(6u su 1
823 = ;(uzs + u3'2) = ;(5_)(2 + ﬁ) = E((_8X3 - Xz + 5X1 + 2) + (_ZXZ + 4’X1 - 3X3 + 3)) =

4,5X; — 1,5X, — 5,5X5 + 2,5 [x10™ m]
Skk = 811 + 522 + 833 = (4‘X1 + 3X2 + 5X3 - 2) + (_3X1 + 4‘X2 - X3 + 6) + (ZX]_ - 3X2 + 6X3 + 1) =
3X, +4X, + 10X; + 5 [x10“ m]

duy 5u3) - %((—2)(3 +4X, + 5%, +7) + (4X; + 4X, + 2X3)) = 45X, +

2. Funkcje elementéw tensora naprezen:

State materiatowe:
Modut Younga: E = 300,00 GPa
Wspéiczynnik Poissona: v = 0,30

o P S0 5385 6p
T2-(1+v) 2-(1+030) @
E-v 300,00 - 0,30

A= ATy =2 (1+030)-(1=2-030)

G

173,077 GPa

01y = 2Gey; + A = 2 - 11,5385 - (4X, + 3X, + 5X5 — 2) + 17,3077 - (3X, + 4X, + 10X, + 5) =
144.231X, + 138,462X, + 288,462X, + 40,384 [MPa]

O0yp = ZGEZZ + Agkk = 2 . 11,5385 . (_3X1 + 4’X2 - X3 + 6) + 17,3077 : (3X1 + 4’X2 + 10X3 + 5) =
17,308X, + 161,539X, + 150,000X; + 225,000 [MPa]

033 = 2Gess + Aeg = 2 11,5385 - (2X, — 3X, + 6X5 + 1) + 17,3077 - (3X, + 4X, + 10X + 5) =
98,077X, + 311,539X; + 109,615 [MPa]

1, = 2Ge, = 2 11,5385 - (15X, + 6,5X, + 4,5X; + 1,5) = 34,615X, + 150,000X, + 103,846X; +
34,615 [MPa]
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013 = 2G5 = 2 - 11,5385 - (4,5X, + 4X, + 3,5) = 103,846X, + 92,308X, + 80,769 [MPa]
01, = 2Geys = 2 - 11,5385 - (4,5X, — 1,5X, — 5,5X; + 2,5) = 103,846X; — 34,615X, — 126,923X, +
57,692 [MPa]

3. Skfadowe sit masowych w punkcie A:

Wspéirzedne punktu A:
A=(2; 5; -1)

6g,;, 60y, 6043
144,231 + 34,615 + 103,846 + P, = 0 = P, = —282,692 [MN /m?3]

+P1=0

60,5, 00, 00,3
34,615 + 161,539 + (—=126,923) + P, = 0 = P, = —69,231 [MN/m3]

+P2=0

6031 603, 0033
103,846 + (—34,615) + 311,539 + P, = 0 = P; = —380,770 [MN /m3]

+P3=0

4. Wartosci elementéw tensora naprezen i odksztatcen:
X1=2, X2=5,X3=_1
4.1. Naprezenia:

732,694 749,999 750,001
[ai]-]A=[749,999 848,079 219,232] [MPa]
750,001 219,232 —5,770

4.2. Odksztatcenia:

16,000 32,500 21,000
[si]-]A=[32,500 21,000 9,500 l [x107%]
21,000 9,500 —16,000

5. Wartosci i kierunki naprezen gtéwnych w punkcie A:
03_1102+120_13 = 0

I, = 011 + 0y, + 033
I, = 732,694 + 848,079 + (—5,770) = 1575,003

I = |011 U12|+ 022 023| 011 013|
z 021 022 032 033 031 033
I = |732,694— 749,999 n 848,079 219,232 n 732,694 750,001
2 749,999 848,079 219,232 (=5,770) 750,001 (=5,770)
= 58883,894 + (—52956,086) + (—566729,144) = —560801,336
I3 = |o]|

732,694 749,999 750,001
I3 =1749,999 848,079 219,232
750,001 219,232 -5,770

= —265964699,500
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o3 — 1575,00302 + (—560801,336)0 — (—265964699,500) = 0
= g, = 1804,133 [MPa]

0, = 286,115 [MPa]

o, = —515,246 [MPa]

Sprawdzenie:
(011 — O) a1y + 01205, + 01303, =0
0211 + (022 — O) gy + 0303, = 0
0311 + 032055, + (033 —0)ag, =0
a?, +az, +az, =1
(732,694 — 1804,133)a; + 749,999a,, + 750,001as; = 0

0, = 1804,133 [MPa] = { 749,999a,, + (848,079 — 1804,133)a,, + 219,232a3, = 0
750,001ay, + 219,232a,, + (5,770 — 1804,133)ct3; = 0

afy +aj taj =1=a3 =1-af, —aj
—1071,439a,, + 749,999a,, + 750,001ct5; =0 (@y, = 0,35999
749,999a,; — 1175,286¢t5; + 219,232, = 0 = Ja,, = 0,32567
a2, =1 - a?, — a?, (5, = 0,87427
0,359992 + 0,32567% + 0,87427? = 1,03033 = 1
(732,694 — 286,115)a, + 749,999a,, + 750,001, = 0

0, = 286,115 [MPa] = {749,999a,, + (848,079 — 286,115)a,, + 219,232a5, = 0
750,001, + 219,232a,, + (=5,770 — 286,115)as, = 0

af, +aj, taj, =1=af,=1-af, —aj3,
—303,422a;, + 749,999, + 750,001a5, = 0 a, = 0,47509
749,999a,, + 342,73205, + 21923205, = 0 = |a,, = —0,85868
af, =1—af, — a3, a3, = 0,19220
0,47509% + (—0,85868)2 +0,19220% = 0,99998 ~ 1
(732,694 + 515,246)a5 + 749,999a,5 + 750,001c35 = 0

o = —515,246 [MPa] = {749,999a,; + (848,079 + 515,246) a3 + 219,232a3; = 0
750,001a,; + 219,232a53 + (5,770 + 515,246)az; = 0

2 2 2 _ 2 _ 2 2
ajstajiztagzz=1=2a3;3=1—-aj; —aj;

1247,940a,5 + 749,999a,5 + 750,001a3; = 0 a3 =—0,80215
749,999a,3 + 1363,325a,3 + 219,232a33 = 0 = | a,; = 0,27008
a§3 =1- a%3 — a%3 33 = 0,53256

(—0,80215)% + 0,27008% + 0,53256% = 1,00001 ~ 1
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6. Wartosci ekstremalne naprezen stycznych w punkcie A:

JII - O_”I _ 286,115 - (_515,246)

T == : = 400,680 [MPa]
g + o 286,115 + (—515,246
o = — M= ( ) _ —114,565 [MPa]
! 2 2
1, = Joou _ 18041337 (5515249) _ 1159,689 [MPa] =naprezenia ekstremalne

2 2
0-1 + O-III _ 1804,133 + (_515,246)

0= —— > = 644,443 [MPq]
o, —0o, 1804,133 — 286,115

T3 = 2 = 2 = 759,009 [MPa]
o, +0; 1804,133 + 286,115

g =———= > = 1045,124 [MPq]

7. Wartosci sktadowych wektora naprezen w punkcie A na ptaszczyznie o wektorze normalnym n:

Wspohrzedne wektora n:

ny = = 0,167

=0125< [1-n?=0986
ng = /1 —n?—n%=0,978
1

7] =

|~ O

n, =

7 = 01 - anj

f1(n) = 0110n1 T 012015 + 01303
£ = 732,694 - 0,167 + 749,999 - 0,125 + 750,001 - 0,978 = 949,611

n) _
fo 7 = 02101 + 022015 + 033003

fz(n) = 749,999 - 0,167 + 848,079 - 0,125 + 219,232 - 0,978 = 445,667

m _
f3 7 = 0311 + 032015 + 033003

£ = 750,001 - 0,167 + 219,232 - 0,125 + (=5,770) - 0,978 = 147,011

o, =n;- ™ =0,167 - 949,611 + 0,125 - 445,667 + 0,978 - 147,011 = 358,070 [MPa]

L

t0 = JIFOL -3

2Zmy|% _ f) | ()
VAR AR A
T, = /949,6112 + 445,6672 + 147,0112 — 358,0702 = 996,884 [MPa]

an
7o
=0,338> ¢ =70"14"

e fO =] - |[f®] - cosp = g, = cosp =

358,070

cosp =
/949,6112 + 445,6672 + 147,0112
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